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WHEN DOES EVERY DEFINABLE NONEMPTY SET
HAVE A DEFINABLE ELEMENT?
FRANC¸OIS G. DORAIS AND JOEL DAVID HAMKINS
Abstract. The assertion that every definable set has a definable
element is equivalent over ZF to the principle V = HOD, and
indeed, we prove, so is the assertion merely that every Π2-definable
set has an ordinal-definable element. Meanwhile, every model of
ZFC has a forcing extension satisfying V 6= HOD in which every
Σ2-definable set has an ordinal-definable element. Similar results
hold for HOD(R) and HOD(Ordω) and other natural instances of
HOD(X).
1. Introduction
It is not difficult to see that the models of ZF set theory in which
every definable nonempty set has a definable element are precisely the
models of V = HOD. Namely, if V = HOD, then there is a definable
well-ordering of the universe, and so the HOD-least element of any
definable nonempty set is definable; and conversely, if V 6= HOD, then
the set of minimal-rank non-OD sets is definable, but can have no
definable element.
In this brief article, we shall identify the limit of this elementary
observation in terms of the complexity of the definitions. Specifically,
we shall prove that V = HOD is equivalent to the assertion that ev-
ery Π2-definable nonempty set contains an ordinal-definable element,
but that one may not replace Π2-definability here by Σ2-definability,
in light of theorem 2, which shows that every model of ZFC has a
forcing extension satisfying V 6= HOD in which every Σ2-definable
nonempty set contains an ordinal-definable element. That theorem
is proved in a manner reminiscent of several proofs of the maximality
principle [Ham03], where one undertakes a forcing iteration attempting
at each stage to force and then preserve a given Σ2 assertion.
The research of the second author has been supported by grant #69573-00 47
from the CUNY Research Foundation. This inquiry grew out of a series of ques-
tions and answers posted on MathOverflow [Ham10, Ham14b, Ham14a] and the
exchange of the authors there. Commentary concerning this article can be made
at http://jdh.hamkins.org/definable-sets-with-definable-elements.
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2. Background, and a metamathematical issue
An object a in a model M is definable, if there is a formula ϕ in the
language of M such that a is the unique satisfying instance of ϕ in M ,
that is, if M |= ϕ[x] just in case x = a. The object is Σ2-definable
or Π2-definable, for example, if there is a defining formula ϕ of that
level of complexity, respectively. In the context of set theory, a set a
is ordinal-definable, if there it is the unique satisfying instance of some
assertion ϕ(a, ~α) in the language of set theory, using ordinal parameters
~α. Since there is a definable ordinal pairing function, it suffices to have
at most a single ordinal parameter α in place of ~α. More generally, one
may consider the concept of X-definability, allowing parameters from
X .
We should like to emphasize the subtle metamathematical point that
the concept of definability is an external essentially model-theoretic
notion in set theory. It doesn’t in general make sense, for example, to
refer in set theory to “the class of definable elements,” or to say that
“every such-and-such kind of set has a definable element,” for there
are models M |= ZFC in which the collection of definable elements
of M is not a class in M . (See further extended discussion of this
issue in [HLR13].) In this sense, the assertion that “every definable
nonempty set has a definable element” is not prima facie expressible in
the language of set theory. Nevertheless, it turns out for the reasons we
mentioned in the opening paragraph of this article that a model M |=
ZF has the (external, model-theoretic) property that every definable
nonempty set has a definable element just in case it is a model of
V = HOD, and so in this sense the property is actually expressible in
the language of set theory.
Because of the tension with Tarski’s theorem on the non-definability
of truth, it is actually a remarkable fact observed by Go¨del that the
class OD of ordinal-definable sets nevertheless is a class in ZF. It follows
that the class HOD of hereditarily ordinal-definable sets is also a class,
and we may express the hypothesis V = HOD, asserting that every set
is hereditarily ordinal-definable, as a sentence in the language of set
theory. The central reason for the definability of ordinal-definability,
of course, is the reflection theorem, which implies that if an object a
is defined by the formula ϕ(·, z), with parameter z, then there is some
ordinal θ such that a, z ∈ Vθ and a is defined by ϕ(·, z) inside Vθ.
Using this, we may express a ∈ OD with the assertion that there is
some ordinal θ, such that a is definable with ordinal parameters inside
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the structure 〈Vθ,∈〉. This definition of OD agrees with the external
model-theoretic concept of ordinal-definability in any model of ZF.1
The reader may find it useful to know of the characterization of the
Σ2 properties as the semi-local properties, those which are equivalent
to an assertion of the form ∃θ Vθ |= ψ, where ψ can have any complex-
ity. For a proof and further discussion of this folklore result, see the
second author’s blog post “Local properties in set theory,” [Ham14c].
In particular, whenever a Σ2 property ϕ(A) is true of a set A, it is
because there is some Vθ satisfying something about A. We may there-
fore preserve that Σ2 fact about A, while forcing over V , provided that
we only force up high and preserve Vθ, the rank-initial-segment of the
universe up to θ.
3. Definable sets with definable members
Let us now state and prove the basic equivalences, which identify Π2
as the level of complexity needed for the equivalence mentioned in the
introduction of the article.
Theorem 1. The following are equivalent in any model M of ZF:
(1) M is a model of ZFC+ V = HOD.
(2) M thinks there is a definable well-ordering of the universe.
(3) Every definable nonempty set in M has a definable element.
(4) Every definable nonempty set in M has an ordinal-definable
element.
(5) Every ordinal-definable nonempty set inM has an ordinal-definable
element.
(6) Every Π2-definable nonempty set in M has an ordinal-definable
element.
Proof. All the implications, except one, are straightforward.
(1 → 2) The usual HOD order is a definable well-ordering of the
universe.
1There is a further subtle issue here with nonstandard models, for if an ω-
nonstandard model M thinks an object a is ordinal-definable in some VM
θ
, then it
may be thinking this because it has a nonstandard formula ϕ that it thinks defines
a with ordinal parameters ~α in that model, and furthermore, the number of ordinal
parameters ~α may not be actually finite but only nonstandard finite in M . These
issues can both be overcome as follows: first, insideM we may code ~α with a single
ordinal using what M thinks is the ordinal pairing function, and thereby reduce to
the case of a single ordinal parameter p~αq; next, we define a in M as, “the unique
object satisfying the formula coded by pϕq using the parameters coded by p~αq in
the structure Vθ.” The point is that this still defines a, using the code pϕq as an
additional ordinal parameter (since Go¨del codes of formulas are natural numbers
and therefore also ordinals).
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(2→ 3) Select the least element with respect to the definable order.
(3→ 4) Immediate.
(4→ 5) If there is an OD-set with no OD member, then the OD-least
such set is definable.
(5→ 6) Immediate.
(6→ 1) This is the non-trivial implication. To prove it, it is tempting
to consider the set A of minimal-rank non-OD sets, as in the proof of
the implication (4→ 1) mentioned in the opening of this article. If V 6=
HOD, then this is a definable nonempty set with no ordinal-definable
elements. How complex is the definition of A? It is not difficult to
see that A is Σ3-definable. One can press this a bit harder to see that
A is Σ2 ∧ Π2-definable, characterized by the following properties: A is
not empty; all elements of A have the same rank; every element of A
is not in OD; every set of rank less than an element of A is in OD;
every set not in A, but of the same rank as an element of A, is in OD.
Each of these properties is either Σ2 or Π2, making the set A to be
Σ2∧Π2-definable. Specifically, the first two requirements are Σ2, being
witnessed in a rank-initial segment of the universe; the third is Π2; the
fourth and fifth are both Σ2, since they are true just in case there is
a large Vθ which believes them to be true. This is close to optimal, as
far as defining A is concerned, since it is not provably Σ2-definable, as
in any model of V 6= HOD, we could perform forcing up high so as to
preserve any given Σ2 assertion, while making some element of A to be
coded into the GCH pattern and hence ordinal definable.
So in order to prove the implication (6 → 1), we shall augment A
with more information. Specifically, let A be the set of minimal-rank
non-OD sets. That is, A consists of all non-OD sets of rank α, where
α is minimal such that there is any non-OD set of rank α. The desired
set will be U = A×Vθ, where θ is the smallest ordinal such that A ∈ Vθ
and Vθ |= A is the set of minimal-rank non-OD sets.
The set U is defined by the following property: U consists of the
cartesian product U = A × B of two sets A and B such that the
elements of A are not in OD and the set B has the form B = Vθ for
some ordinal θ such that A ∈ Vθ and Vθ |= “A is the set of minimal-
rank OD sets and there is no θ′ < θ for which Vθ′ |= A is the set of
minimal-rank non-OD sets.”
This property altogether has complexity Π2, due mainly to the clause
asserting that elements of A are not in OD. The part requiring that
U has the form A× B is ∆0. The part asserting that B has the form
B = Vθ for some ordinal θ has complexity Π1, because this is true
provided B is transitive and satisfies some minimal set theory such
that it thinks it is a Vθ and such that B contains all subsets of any
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of its elements, so that it is using the true power set operation. The
properties asserting that Vθ, that is, B, satisfies certain complicated
assertions has complexity ∆0, since all quantifiers are bounded by B
and hence ultimately by U . And finally, asserting that the elements
of A are not ordinal-definable has complexity Π2, since the relation
“x ∈ OD” has complexity Σ2, as any instance of ordinal-definability
reflects to some Vθ and hence is locally verifiable; thus, the assertion
∀x ∈ A x /∈ OD has complexity Π2.
So altogether, the set U = A×Vθ is Π2-definable, but it can have no
ordinal-definable elements, since every element of U has the form (a, b)
for some a ∈ A, b ∈ Vθ, and if the pair (a, b) were ordinal-definable,
then a would be ordinal-definable, contradicting a ∈ A and the fact
that every member of A is not ordinal-definable. 
Note that the proof of (6 → 1) is completely uniform, in that the
definition of the set U does not depend on the model in any way.
Rather, we have a Π2 definition that ZFC + V 6= HOD proves is a
nonempty set disjoint from OD.
Let us now show that the Π2-definability clause in statement 6 of
the main theorem cannot be changed to Σ2-definability.
Theorem 2. Every model of ZFC has a forcing extension satisfying
V 6= HOD, in which every Σ2-definable set has a definable element.
The proof idea is that we shall perform a forcing iteration, consider-
ing each Σ2 formula in turn, where we try to freeze if possible the set
defined by that formula (in some suitable forcing extension) and then
code one of its elements (if any) into the GCH pattern high above the
witness to that Σ2 property. In the end, every nonempty Σ2-definable
set will contain an ordinal-definable element and hence a definable el-
ement.
Proof. Start with V as a ground model. Enumerate the Σ2 formulas ϕ0,
ϕ1, ϕ2, and so on. Note that we may refer to Σ2-truth since there is a
universal truth predicate for truth of bounded complexity (so there will
be no issues with Tarski’s theorem on the non-definability of truth).
We define a full-support forcing iteration P of length ω, where the
forcing at each stage will become progressively more highly closed. At
the first stage, we consider the formula ϕ0, and ask: is there a forcing
extension V [g0] in which ϕ0 holds of a nonempty set A0? If so, we
perform such a forcing (let the generic filter choose one amongst the
set of minimal-rank such instances), and let λ0 be the smallest i-fixed
point above the size of that forcing so that also ϕ0 is witnessed in
V
V [g0]
λ0
. Next, perform additional ≤ λ0-closed forcing over V [g0] to an
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extension V [g0][h0], where h0 forces to code one of the elements of A0
into the GCH pattern above λ0. This preserves the definition of A0 by
ϕ0, while ensuring that A0 has an ordinal definable element. Now, let
θ1 be well above this coding, and continue.
At stage n ≥ 1, we have forced to the partial extension
V (n) = V [g0][h0] · · · [gn−1][hn−1]
by performing forcing below the cardinal θn, which we had defined at
the end of the previous stage. At this stage, we ask whether we can
perform further ≤θn-closed forcing over this model in such a way that
ϕn will hold of a nonempty set An in the resulting extension. If so,
we do that forcing. Let λn be large enough to witness the Σ2 property
for ϕn(An), and then perform GCH coding forcing above this so as to
make an element of An ordinal-definable, and let θn+1 be larger than
all that. If it was not possible to perform forcing so that ϕn would hold
of some An, then we ignore ϕn and let θn+1 = θn.
Suppose G ⊆ P is V -generic for the forcing we have described. Let
δ be any regular cardinal above supn θn, and let H ⊆ δ be a V [G]-
generic Cohen subset of δ. Consider the resulting forcing extension
V [G][H ], our final model. Because we added the Cohen subset of δ,
which is ordinal-definable homogeneous forcing, it follows that V [G][H ]
satisfies V 6= HOD.
Nevertheless, we claim that every Σ2-definable nonempty set in our
model V [G][H ] has a definable element. Note first that because we
used full support, it follows that the tail forcing in P after stage n
is ≤ θn-closed, as is the forcing to add H , and so this tail forcing
adds no new sets of rank below λn. Thus, if ϕn defines a nonempty
set in V [G][H ], then at stage n we would have observed that it was
possible to force ϕn to hold of a nonempty set (with forcing that was
sufficiently closed), and so we would have treated it at stage n. That
is, we would have forced to code one of its elements into the GCH
pattern, afterwards always preserving that definition and this coding.
So in the case that ϕn does define a nonempty set in V [G][H ], then
the stage n forcing exactly ensured that one of the elements of this set
was coded into the GCH pattern of V [G][H ] and was therefore ordinal-
definable there. The later stages of forcing were arranged so as to
preserve all these definitions. Since the set defined by ϕn has an ordinal-
definable element, the OD-least such element is actually definable. So
every Σ2-definable nonempty set in V [G][H ] has a definable element,
as desired. 
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The proof of theorem 2 has a certain resemblence to the the second
author’s forcing iteration proof of the maximality principle [Ham03],
which one considers each sentence in turn, forcing it in such a way
that it remains true in all further forcing extensions, if this is possible.
The end result is a model where any statement that could become
necessarily true by forcing, is already true, and this is precisely what
the maximality principle asserts.
4. Allowing parameters
Let us now generalize the previous analysis to allow parameters from
an arbitrary Σ2-definable class X , such as X = Ord, or X = R or X =
Ordω, corresponding to inner models HOD, HOD(R), and HOD(Ordω);
the latter model HOD(Ordω) can be fruitfully viewed as an analogue of
the Chang model L(Ordω). We define OD(X) as the class of sets x that
are definable in some Vθ using parameters from X , which effectively
also adds the ordinals as parameters, and HOD(X) is the class of sets
hereditarily in OD(X). If X is a proper class, then one doesn’t ever
actually need any ordinal parameters, since for every ordinal α, there
is an element x ∈ X whose rank is the αth among any elements of X ,
and so in this case, every ordinal is definable from an element of X .
When X is a set, however, such as X = R, then in general we have no
first-order expressible concept of R-definable, and we form HOD(R) by
allowing also ordinal parameters.
Note that if X is Σ2 definable, then the class OD(X) is also Σ2
definable, since a ∈ OD(X) just in case there is an ordinal θ and
elements ~x from X such that a is definable from ordinal parameters
and ~x in Vθ, which also verifies that ~x are in X . So membership in
OD(X) is verified by a property observable in some Vθ, which as we
mentioned earlier characterizes the Σ2 properties.
Indeed, there is a ∆2-definable surjection of X
<ω×Ord onto OD(X).
Namely, every element a ∈ OD(X) is definable in some Vθ by ordinal
parameters and elements of X , and so we can map (~x, α) 7→ a, where
α is an ordinal coding θ and the ordinal parameters below θ and the
Go¨del code of the formula being used. This map is ∆2 definable, since
in any sufficiently large Vβ we can correctly recognize whether or not
(~x, α) 7→ a.
Theorem 3. The following are equivalent in any model M of ZF, with
any Σ2-definable class X:
(1) M is a model of ZFC+ V = HOD(X).
(2) M has a ∆2-definable surjection of X
<ω ×Ord onto M .
(3) Every definable nonempty set inM has an X-definable element.
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(4) Every definable nonempty set in M has an (Ord, X)-definable
element, that is, an element in OD(X).
(5) M thinks that every nonempty set in OD(X) has an element in
OD(X).
(6) Every Π2-definable nonempty set inM has an member in OD(X).
Proof. (1→ 2) IfM is a model of V = HOD(X), then the ∆2-definable
surjection of X<ω ×Ord onto OD(X) is actually onto M .
(2 → 3) If there is a definable surjection d : X<ω × Ord → M and
A is a definable nonempty set, then there is some a = d(~x, α) ∈ A for
some ~x ∈ X<ω. Let β ≤ α be least such that d(~x, β) ∈ A. The object
d(~x, β) is in A and definable from parameters ~x.
(3→ 4) Immediate.
(4 → 5) If there is a nonempty set in OD(X) with no elements in
OD(X), then let A be the union of all minimal-rank such sets. Since
X is definable, the set A is a definable set with no members in OD(X).
(5→ 6) Immediate.
(6 → 1) Assume V 6= HOD(X). Since X itself is Σ2-definable, it
follows that if some Vθ thinks x ∈ X , then it is right about that. Let
A be the set of minimal-rank non-OD(X) sets, and let θ be least such
that Vθ can see that all the other members of that rank or of smaller
rank are in OD(X). The set A× Vθ is now Π2-definable, since we need
only say that the members of A are not in OD(X) and Vθ thinks that
all the other members of that rank or less are in OD(X) and that no
smaller θ′ < θ thinks that. But no member of A×Vθ can be in OD(X),
contrary to (6). 
Notice that the generalization of theorem 2 to the context with pa-
rameters is a consequence of theorem 2 itself.
Theorem 4. Suppose X is a Σ2-definable class with the property that
V 6= OD(X) is forceable over any forcing extension, by forcing preserv-
ing any desired Vθ. Then there is a forcing extension of the universe
in which V 6= OD(X), yet every Σ2-definable nonempty set has an
(Ord, X)-definable member.
To be clear, in the theorem we reinterpret X in the forcing exten-
sions using its Σ2-definition; the forcing may add new elements to this
definable class. In important cases such as when X = R, when X is
a set, when X = Ord, when X = Ordω, our forcing will not actually
add new elements to X . The hypothesis that V 6= OD(X) is forceable
is true in the cases of X just mentioned, since one can add a Cohen
subset to a large regular cardinal; this will not add elements to X and
by homogeneity one will achieve V 6= OD(X).
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Proof. We use essentially the same model V [G][H ] provided by theorem
2, except at the top we arrange the H forcing so as to ensure V 6=
OD(X). The argument of theorem 2 shows that every Σ2-definable set
in V [G][H ] has a definable member, which is therefore also (Ord, X)-
definable. 
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